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 Possible action: Cooperation (C) and Defection (D)
 Payoff matrix

Prisoner’s dilemma game Birth and death processes with an infinite 1-dimensional  lattice

Phase diagram (𝜇 = 0.001)
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Nash equilibrium:
Mutual defection

Social dilemma 
2𝑅 > 𝑇 + 𝑆

Population dynamicsStrategy dynamics

How does cooperation emerge?

… …

Empty site (E) Occupied site (C) Occupied site (D)

0 < 𝑐 < 𝑏
𝑏 = 1

 Simplified PDG payoff matrix

𝑪 𝑫 𝑬

𝑀 =
𝑪
𝑫

𝑏 − 𝑐 −𝑐 0
𝑏 0 0

𝑝𝑖 = 𝑀𝑠𝑖𝑠𝑖−1 +𝑀𝑠𝑖𝑠𝑖+1 , 𝑠𝑖 ∈ 𝐶, 𝐷,𝐸

 𝐢-th site’s total payoff

1

1 + 𝐴𝑒𝜔𝑝𝑖

𝑝i : total payoff
𝜔 : selectivity (𝜔 = 1)
𝐴 : fitness parameter (>0)

 Death probability

Absorbing transition points 𝑨𝒄

Absorbing transition points 𝑨𝒄
𝝁

 We have considered the 
population dynamics as well as 
the strategy dynamics by 
introducing empty sites.

 We have found that the empty 
sites created from population 
dynamics construct spatial 
structure and develop the 
cooperative society.

 Our model in 2-dimensional lattice: 
future research.

Death : an individual who lives in an occupied site dies with death probability.

Birth : an empty site is occupied by neighboring agent’s offspring.
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1.Select a site 𝑖 at random

2.If 𝑆𝑖 = 𝐶, 𝑜𝑟 𝐷 : Death process

𝑆𝑖 = 𝐸 : Birth process

3. Iterate 1-2

 Algorithm

“Active Phase”

“Extinction Phase”
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Finite number of realizations survive at infinite time.

All realizations fall into the absorbing state eventually.

 Mutation 𝝁

Phase diagram

Initial condition dependency disappears. 𝒄/𝒃 > 𝟏/𝒌

s(t) =
The number of surviving realizations

The total number of realizations
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Mean-field calculation

𝑉𝐷 = 2 1 − 𝛼𝜌෍

𝑛=1

𝑛 1 − 𝜌 𝑛−1 = 2 1 −
𝛼

𝜌

𝑑𝜌

𝑑𝑡
= 1 − 𝜌 2𝜌 − 𝜌2 − 𝛼𝜌

= 0 (at steady state) 

𝑉𝐷 = 2 1 −
2

3 𝐴 + 1 − (𝐴 + 1)(𝐴 + 5)
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𝜌: population density 𝛼: death probability


